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1 Ginzburg-Landau Theory

Free Energy functional in terms of the order parameter, ¥, and vector potential , A:
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Minimization leads to the Ginzburg-Landau equations (with D =V + lhgﬁ)
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1.1 Abrikosov Classification of Superconducting Types

Abrikosov's solution to the linearized GL equation controlled by the Ginzburg-Landau parameter,
k= A/E. Type-l x Type-ll superconductors: the vortex phase.
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2 Bogomolny Equations (2D systems)

Define the operators

M. =Dy+iD, (5)
One can easily prove that
II,11_=D?+|B,l. (6)
Then, when TI_¢ =0, one has
—lylPy+D*w =0 1. - - .
v lwzw v Lyxg=ik2 [¢*"DY-¥YD*"¥*] (7)
v =Yy —|B:ly =0 4n he
K=%ko=1/v2

Bzl =1—|y|?
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Anomalous behavior close to the Bogomolny point

be-1382%_y(th~eﬁ Tl Nbs.c. 4.18K Kumpf, 1971
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Auer and Ullmaier, (1973): TaN (x =0.665: Type-l in principle)
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w

w=6E,

w=4§,

FIG. 2. The local density of Cooper pairs |¥|* for film thicknesses w/& = 8 panels (a)—(e), w/& = 6 [panels (D—(j)]. and w/& =4

[panels (k)~(0)]. calculated at temperatures T/7, = 0.76,0.73,0.68,0.64,0.6. Other parameters are the same as in Fig. 1.
PRB 94, 054511 (2016)
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2.1 Theoretical Problem

Type-1.5 superconductivity in two-band systems

Egor Babaev*P, Johan Carlstrém?

*The Royal Institute of Technology, Stockholm SE-10691, Sweden
bUniversity of Massachusetts, Amherst, MA 01003, USA

PHYSICAL REVIEW B 83, 054515 (2011)

E4

Ginzburg-Landau theory of two-band superconductors: Absence of type-1.5 superconductivity

V. G. Kogan and J. Schmalian
Ames Laboratory and Department of Physics & Astronomy, Iowa State University, Ames, IA 50011
(Received 2 August 2010; published 23 February 2011)
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PHYSICAL REVIEW B 86, 016501 (2012)

Comment on “Ginzburg-Landau theory of two-band superconductors:
Absence of type-1.5 superconductivity’

Egor Babaev'? and Mihail Silaev??

'Physics Department, University of M H s, Amherst, M. H 01003, USA
2Department of Theoretical Physics, The Royal Institute of Technology, 10691 Stockholm, Sweden
3Institute for Physics of Microstructures, RAS, 603950 Nizhny Novgorod, Russia
(Received 18 May 2011; revised manuscript received 22 February 2012; published 5 July 2012)

PHYSICAL REVIEW B 86, 016502 (2012)

Reply to “Comment on ‘Ginzburg-Landau theory of two-band superconductors:
Absence of type-1.5 superconductivity””

V. G. Kogan and Jérg Schmalian
Department of Physics and Astronomy and Ames Laboratory, lowa State University, Ames, lowa 50011, USA
(Received 25 May 2011; revised manuscript received 14 June 2012; published 5 July 2012)
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3 Extended Ginzburg-Landau Theory

BCS Hamiltonian for N=1, 2, 3... overlapping bands (Suhl et al. PRL 1959):
o Dt o I
Hpcs :;{U—Zufd xwig(f)ﬂxwig(f)+fd x[wiT(J'Z)l//”(X’)A,-(X’)+H.c.]} (8)

where T is the single-electron kinetic energy operator of nth band and the energy gap are

. e 2 L X N .
Tix=- (V- l—A) —Hi Ai(®) =) &ij (Wit @y (X)) )
j=1
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Complex time formalism: t=it and operators in the Heisenberg picture

Vie(X,t) =exp(Hpcst/h) vie(X) exp(-Hpcsgt/D), (10)
Vio(%,0) =exp(Hgcgt/l) vl (%) exp(-Hpcst/h). (11)
—howi|(X,4) = [1/_/;'1(55,’(),7'18(:5] = =T W (%0 + A" @Dy (F,0 (13)
SOVIET PHYSICS JETP VOLUME 36(9), NUMBER 6 ’ DECEMBER, 1959
MICROSCOPIC DERIVATION OF THE GINZBURG-LANDAU EQUATIONS IN THE THEORY OF
SUPERCONDUCTIVITY
L. P. GOR’KOV
Institute for Physical Probl Academy of Sci U.S.8.R.
Submitted to JETP editor February 3, 1959
J. Exptl. Theoret. Phys. (U.S.S.R.) 36, 1918-1923 (June, 1959)
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—h8G; (X, 6 X', 1) = 0(Tyy ;; (X, 09 ;4 (X, 1)

=6(t—t)0(X - X+ T;,G; FEX) + A, (R) F; Gt X't), (14)
—h0 F; (%, 6 X, 4) = 0(Tur; (%, 0% ;4 (%, )

=A; (DG, (& 6 ) - TLF,@ 63'), (15)
—h0:G;(%, 6 X', ) = 0Ty (X, Oy, (3, 1)

=6(t—-theEX-XN+A; (R F; & 63, ) - T30, X, 1), (16)
—ho F; (%, 6%, 1) = 0Ty, (R, Oy, (R, 1)

= TRF (& 63,0) - (D F; (3 67, 1) (17)

where Ty is the time-ordering operator.
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The Fourier components of the Green functions Y =1{G,G, F,F} are given by

y(?c,t;?c’,t’)=% S expl-iwa —0]Y,, &), (18)
n=—oo
hp
yw,,@,x"):% f dn exp [iw,(t' — )] V(E 67,1 (19)
-1

where w,, = m(2n+1)/Bh are the fermionic Matsubara frequencies. In the absence of condensate,
one has Unperturbed Green's functions:

_7tN;(0) w|

X
ngfu)(Z:?c’—?c) Rl exp [_i%ff A()-dy|exp |isgn(w)kiz— ly—iz (20)
where N;(0) = ;5’;{2 is the density of states at the Fermi surface. = &;o ~ ZL;Z
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Kiq(6,)=-¢T litmmZexp[—iw(t’ -0169 & 162 3, 3%), (21)
S &
K& 71,32, 75) = —8T Y G (%, F1)G o) (71, 72)G o) (72, 73)G o) (13, %), (22)
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w
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Series expansion of the gaps inside integrals due to divergence of typical lengths close to T..
Defining Z=y— X, then

8=y Y2 @ (24)
j=0 I
Expansion of the relevant quantities in powers of 7
AE =1 [A9@) + 1AV @) + O(1?)] (25)
A®) =" [A9@) +1aV (@) + 0] (26)
B®=1"[89®+16Y @ +01%)] (27)

Standard perturbation theory: collection terms of equal power in 7, in special

DAY (%) = §-i2%% AP @ o O™, (28)
1 hc 1
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week ending

PRL 106, 047005 (2011) PHYSICAL REVIEW LETTERS 28 JANUARY 2011

Extended Ginzburg-Landau Formalism for Two-Band Superconductors

A. A. Shanenko,™ M. V. Milosevié, and F. M. Peeters

Departement Fysica, Universiteit Antwerpen, Groenenborgerlaan 171, B-2020 Antwerpen, Belgium

AL V. Vagov

Institut fiir Theoretische Physik 11, Bayreuth Universitdt, Bayreuth 95440, Germany
(Received 18 October 2010; published 27 January 2011)

fo= 72 (T_lf(_l) +f(0) + Tf(l) + ),
oD = RO 1. RO, (29)

%2 - - b
0=+ (B0 LA 4 ec)+ Y ail AV + Elmg‘” *+KiDAP P, (30)
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- -

B-b
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Gor’kov Shanenko et al.
a; b; Ki Ci Qi L;
“Ni0) g N0 FRRE | GelENiO)  ghtvl ghPo?

where
N;(0): Density of states at the Fermi level for band i =1,...,. N
v;i: Fermi velocity for band i =1,..,N
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Expressing relevant quantities in dimensionless units:

HOA . . HO

% — ALV27, 5 - M
K 2K

the Gibbs free energy difference becomes

2, %3, — Y ¥ 34
7 (34)

g =7 (0¥ +70" +..), (35)
> 2
1B 1 = 1
g0 == L . IDW)? - W%+ - ¥4, (36)
2 2K \/z 2 4
P 2 2
a _ | 1Bl (1 ac) Adn 4y DY 1 aQ( =, 2, 1o @2, B2y
=l—-1]({=+ +|¥ + DY V xB)° +B°|¥
ot (ZK )23b2 ot PP (x) w2}
1 L 21 2 2 (/A F gy k2 ac 6
@R{SW' DY+ [P2D* ¥ +c.c]}+wl‘~}’| . (37)
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With this expression, it is possible to determine the boundaries between types | and Il in the
(x, T) plane by expanding &; around xo =1/v2
de

oo 221

ok +76W +) (38)

K=Ko

where §x =k —xg. Simplification from Bogomolnyi self-dual equations:

ac aQ al ac 5aQ
(1_@4_2?):[4_(2%_@_5@)\7]+m} (39)

where Z= [|¥]2(1 - ¥} d®x and J = [I¥[*(1 - |¥|*)d3x.

B, =rz{—\/§Ic$1<+r

Nucleation condition, &¢(x, T) =0, provides

1-

K*=K0{1+T

£+2£+£(Zﬂ ac 5@)
32 K2 T
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Configuration of W where the onset of attractive interaction between two vortices: J/Z — 2
Configuration of ¥ for equal thermodynamic critical fields J/Z — 0.

Vagov et al., 2016
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4 Anisotropy and the Inter-Type Domain

Consider an anisotropic kinetic part of the Hamiltonian
3 2
TZ—Z—.(aj—i—Aj) - U (40)

The domain of integration of the unperturbed Green function is the elliptic Fermi surface and
the dispersion relation becomes anisotropic

e [%. A3k explik-(X—-3)] SR
_il | Ay av i =Y — K-u (41
i [ A y]fw o = 3 gk ()

GO (%,%') = exp
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By a matter of scaling, one can map this Hamiltonian into the isotropic case.

o1 _ _ 1
%= \/_a—ixi, Aj=va;A;, Bi= \/a_iBi, (42)
This scaling must result in a unique electronic mass M for each direction
3 p? e |2 SN e - \2
-) —|0;i-i—A;| - — -) —|0j—-i—A;i| - 43
j;ij(] he 1) H EZM(] he l) H (43)

and does not induce alteration in the elements of volume after this variable change

dimiZCijj:M v i, ), }:>a' M
i =

==, M=3} . 44
M, v -1 M= /T (44

i
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This mapping works for arbitrary order of expansion of the gap! In particular, 1st order

aA©® +b|A(O)|2A(O) _ (IC D2 +’Cy7)§) AO =
—<{ 4 a-0yB = 41Ky % (Mg D;A; — Ay Do)
¥ GXB——47rICyl (AOD*A* A(’;Don).
(45)

Renormalization of DOS': a=-a,;N(0), b= a,N(0) 87752(3})2 and K; = hhz 2 From this set of

alg + b|Ag|20g - KD?Ag =0
V x By = 4nKi 22 (AgD* Ay — Aj DAg)

equations one extracts the characteristic lengths

[Kj R?c?b
@_ [ 4@ ’ = @ = [xB D 46
¢ lal” " 32m2e2K;lal x Ty (46)

where j=x, y and the superscript z reflects the field direction.
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Intertype domain in the x, x k;, diagram and comparison with experimental results from Weber,

(1978)
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Transition from Type-II to Type-1 Superconductivity with Magnetic Field Direction

H. W. Weber, J. F. Sporna, and E. Seidl
Atominstitut der Ostevveichischen Universitiaten, A-1020 Vienna, Austria
(Received 11 August 1978)

We report on a new effect in superconduetivity and demonstrate experimentally that,
because of the correlation of the upper critical field H_, with crystal directions in single-
erystalline TaN samples (anisotropy effect), at certain fixed temperatures the material
is a type-I superconductor near the [100] and a type-II superconductor near the [111] di-

rections.
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